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ASSIGNMENT-7-SOLUTIONS

VECTORS AND 3D - SOLUTIONS

i j k

OQxOR =|1 3 4|=-10i+10j—5k=n
21 =2

Req.Dist. = Projection of PO on 0QxOR

_OPn _45 _

S @ 15

Let the required vector be d=/b+mc :(€+m)i+(25+m)j—(€+2m)k
Projection of aalongiszT

a

2 2(£+m) (20+m)—(¢+m)
3 NG
~.d=(-m-2)(i+2j-k)+m(i+j—2k)
=-2i—(m+4)j+(2-m)k

We cannot find m.

AD’ -BC’ =(b+¢) —(c-b) =4bT=4ABAC

= =/=—-m-2

=4AB (Projection of AC on E) c(©) D (b+¢)

pa=|b-(ab)aa=ba-ab(za)=0

—— |_2

Y
pq= |p||q|cos 6 =sin ysin B cos 9( |Q| =sin [3)

Again p.q = [ ( )}[c ac)ﬁ]zcosa—cosﬁcosy
AB =m(2i—5j+2k), BC=(i—2j)

CD = n(-6i+15j-3k)

If AB and CD intersect at E, then D B
£ = pAB and CE=aCD sl
P an a E C

But, EB+BC+CE = 0 = pAB+qCD +BC =0 A
= pm(2i—6j+2k)+(i—2j)+qn(-6i+15j—-3k =0)

= 2pm+1-6gqn =0,—6pm—-2+15gn =0, 2pm—-3qn =0

1

Solving for pm and qn, we get pm = %,qn = 3

=1- (a b) =]—-cos’t=sin’t - ab=cosy

:p=L,q=i:>O<i<10<i<l
2m 3n 2m 3n

:mzl,n 21. Area of ABCEzl‘E_Cxﬁ‘
2 3 2
i j k
:lpqnm -6 15 -3|=
2 2 -6 2

—[12i-6j—-6k|= \/6

l\.)|>—‘
l\J|>—‘
L»JI»—‘



6.

axb=2i+2j+k,a+b=i-3j-4k
Now, let a = xi+yj+zk then
(xi+yj+zk)x(i—3j—4k)=2i+2j+k
i j k

Xy z |=2i+2j+k, equate coefficients of i, j,k and solve to get x=1,y=-2,z2=-2

1 -3 -4k

axb=2i+2j—k
axb=i—3j+4k

a= x1f+y13+2112

b= x2f+y23+22f<
a*b=(Xl+X2)f+(y1+y2)j+(z1+z2)f<

X, +x, =1Ly, +y,=-3,2,+z, =4

(axb)= (Xi+ yj+zlA<)><(X2f+ y23+zzf<)

=i(y12, —¥22) +i(X22) —25%, ) + Kk (%1, = X,y;)
YiZy = Y221 =25 X1y, =Xy =-1

XpZ; —ZyX; =2

X, =(1-x,),y,=(3+y);2, =4~z
(1-x;)z = (4=2)x, =2

2, —Z,;X,—4X, +X,z2, =2 =z, =2+4x,

z, =2-4x,

YiZy = Y22y =2
yi(2-4x)+(3+y;)(2+4x,)=2

2y, —4x,y, +6+2y, +4x,y, +12x, =2

4y, =-4-12x,

yp=—(1+43x,) =y, ==(3-1-3x,) =—(2-3x,)
Xa¥1 =Xy, =1
(1-x)()(13x,)x, (2-3x) =1

—(-3x7 +3x, +1-x, )= 2%, +3x] =1

—(14+2x, = 3x7 ) - 2%, +3x] =1

—1-2x, +3x] —2x, +3x; =1

3x7 —2x,—-1=0

L _2%V4v12 24416 2+4

: 6 6 6
4

X, =L—-=, x,=0;—

: 37773

y;=—(4),0; y, =+1,-3

x+a x+b X+cC
Givenmodof | x+b x+c¢c x+d |=2
x+a-c x—-1 x-b+d
Apply C, = C,+C; -2C,, and use that a, b, ¢ are in A.P. to get
0 x+b x+c
0 x+c x+d |=2=|pd—c?=1
2 x—-1 x-b+8
=(c-d)(c+d)-*|=1=d=+1



10.

11.

l+sin> A  sin® A sin® A
cos’A  l+cos’A cos’A |=0
4sin2A  4sin2A  1+4sin2A

(1+sin” A)((1+cos® A) (1+4sin 2A) — 4sin 2A cos> A ) +sin® A (4sin 24 cos” A —cos” A —4sin 2acos” A

+sin? A[4sin 2acos® A —4sin2A —4sin 2A cos’ A} =0
(1+sin’ a)[1+cos2 A +4sin 2A]+sin2 A[—cos2 A —4sin 2A]+1+cos2 A +4sin2A
+sin? A[l+c0s2A+4sinA—cos2 A—4sin2A]

2+4sin2A=O:>sin2A=—%

nT T n T
2A =(2n+1)w+(-1) — A=(2n+1)—+(-1) —
(204174 (-1)" 2 or A=(20+1)Z4(-1)" =

22

Given AD =4, Volume = T
Let DE =P, then

22 B
3

%xArea of AABCp=

1— —
= E‘BAXBC‘p =22 T

C (3i)
= |(i+K)x2]p=2v2 = p=2 \W

AGli+j+k)
. . . . A2i+(i+j+k)
Let E divides median AF in the ratio A:1 then, p.v. of E =
A+1
— A
~AE=pv.of E-pv.of A=(i—j—k)—
p p (i=j=k)=—
A Y -2
p2+AE2:AD2:>4+(—j -3=16=>A=—2o0r —
A+l 3

~.p.v.of Eis—i+3j+3kor3i—j—k

xXy=a;yXz=b;xb=c;xy=1=yz
(xxy)xb=axb
= (x.b)y—(yb)X=axb

axb

c
Now, (xxy)xy=axy

=>cy=axb=y=

b
(X.y)?—(yz)i=a><y=a><(a>< )
C
(axb)_|a><b|2i_(a.b)5_a2b
C C2 B C C
(axb) (ab)a [a’]b  x|axb]’
C C C - C2
x=——[[af' b-(ab)a+(axb)]
|a><b|
b
y><z=b:>yzz—(y.z)§:b><(a>< )
C
(axb)’>  (axb) b%a (ab)—
12— = - b
C C C C
b’ _
@zzl[bza—(ab)m(axb)]

C C



—z= |a:b|2 2| (b?)a—(ab)b+(axb) ]

12. 1) Consider a ‘n’ sided polygon (regular) of circum radius 1 unit.

13.

14.

Let O be origin and the vertices be a,,a,,a;,a,,....a, such that
|a1| =|a2| =..=1

Consider OA,.OA, +OA, OA;+O0A, OA, +.....0A, OA

( 2n . 4m 2(n—1)]
=1| cos—+cos—+.....+...cos T
n n n

n—1 -
Y OA,xO0A,,, =(1-n)(0A,x0A,)

r=1

ii) Let the p.v. of B and C be b and T referred to A as origin then,

p.v.of Disnc_i_b
n+1
pV.OfElSL
n+1
p.v.of Fis
n+l
— — — (1-n)e-b
E=AE-AD=
n+1
— — — (n+l)b-nc
DF=AF-AD=
n+l
Vector area of AABC = l(EXB_C) = %EXE
— — n*-n+l 1—- _
Vector are of ADEF =—(DExDF)= —=—bxC
(n+1)" 2

cos Ai+ j+k;i+cosBj+k;i+ j+cosCk

cos A 1 1
1 cosB 1 [=0
1 1 cosC

:>7tcosA+2=ZcosA

(I—ZSinzéj(l—Zsin2Ej(l—25inzgj+2 = 3—22sinzé
2 2 2 2
3—22sin2%+42sin2%sinzg—&tsinz%= 3—22sin2%

= Z‘cos2 % =
Consider
ﬁzai+b}+cl§ andq=x1+ yj+zl§
[pl=5: [a]=6

p.q=30

=c0s0=0
=> collinear vectors

(a+b+c)=t(x+y+2z)

8_,
4

(af+bj+cl§)=t(xf+ y}+zf<)

5
—St==
6

a+b+c 5
— _

X+y+z_6

( 2. | . 27‘5.)
cos—1i+sin—i
A; Ay n n

Ay o) A (cos0i+sin 0i)
As



15.

16.

17.

18.

la|=2,[b|]=3
[abc]=2
at+cxb+c=0
bxc=a+c
2=a’+ac
ac=-2
c.(bxc)=(a+c).c

ac+c’=0=>c’=—ac=2

[c]=~2

ax(bxc)=ax(a+c)
(ac)b—(ab)c=axc

(ac)b=axc

2b=cxa

[axc|=2[p|=2x3=6

For a, b, ¢ to be an orthonormal triad
axc=|al|c

[cljaf = 6

It meets the coordinate axes at A (a,0,0),B(0,b,0),C(0,0,c) which are the vertices of triangle ABC.
The d.rs. of sides AB and AC are 0—a,b—0,0—-0and 0—a,0—-0,c—0. So the angle A between them is
given by

2 2 2
tan A = (bic; =byey)” +(c1a, —c2a)” +(ayb, —asby)
a,a, +bb, +cic,

2

a

= CcotA =

\/bzc2 +ca’+a’b?

b2 o2
Similarly, cotB = and cotC=
\/bzc2 +c?a® +a’b? \/bzc2 +c?a® +a’b?

Let the plane (1) makes an angle o with yz-plane i.e. x = 0 . Since the direction ratios of normals to these

111 1.1+l.0+1.0
planes are —,—,— and 1,0,0 respectively cos o =—2 b ¢

abec 1 N 1 N 1 N

a’ b>

= cos” o = cot B.cot C
Similarly, cos?B=cotCcot A and cos”?y=cotAcotB

Equations of the angular bisectors of the lines XY o ad 2= = e given by
fp mp o t, my m,
r Y - %2 ad—> =Y - Z

£1+£2_m1+m2_n1+n2 Zl—ﬁz_ml—mz n,—n,

Then find the plane containing the above two lines. Let the plane be ax +by+cz+d=0. Since it
contains the lines a(¢;+¢,)+b(m; +m,)+c(n,+n,)=0 anda.0+b.0+c0+d=0=d=0
Similarly other line.

~a(l,£0,)+b(m;£m,)+c(n, £n,)=0. Proceed.

The pairs of opposite edges are y+z=0,x+z=0,x+y=0and x+y+z=0. They can be written as
X y z X 'y z-a




19.

20.

21.

Let /,m,n be the direction cosines of KL (the line of SD). 'A0,0,0)

But, SD is L ar to both the lines K
SA+m—n=0;/-m+0=0

/ m n \/€2+m2+n2 SD

:>1 1 2 Ji+1+4 L B(0,0,a) 2
1 1 2
6 J6 6
Let A(0,0,0), B(0,0,a) be two points on the lines then length of S.D. = Projection AB on KL
1 2 2a
:£(0—0)+£( ﬁ(a—o):%
The equations of KL, the line of intersection of the planes AKL and BKL are
Xy z X y z-a
1 1 —-1j=0and|l -1 0 |=0
1 1 2 1 1 2

Or
3x=3y=0 and -2x-2y+2z-2a=0 = x-y=0 and x+y—z+a=0which clearly passes through

= direction cosines of S.D. are

! 0-0)+

X =y =z=—a which is (—a,—a,—a)

All given lines are passing through origin ‘O’. Thus the lines will be coplanar if they are perpendicular to
a line through ‘O’. Let /,m,n be d.c.’s of this line through O, then

ao/+bfm+cym=0............. (1)

(%jm(%jm@n:o ........ @)

And a/+Pm+yn=0............. 3)
Eliminating o/, Bm + yn we get,
a b c

1 % oo apply C, —C,, C;—C, and expand to get (a—b)(b—c)(c—a)=0
a c
I 1 1

Image of a point (x;,y,,z,) w.r.to the line through (a,b,c) with direction cosines ¢, m,n is

/(x,—a)+m(y, —b)+n(z,—c)

20r—x,,2mr—vy,,2nr—z,) where r =
( 1 Y1 1 ) ﬁz + mz + n2
Taken any three points on the plane, 2x +3y+z =1 find their images and find equation of plane through
the three points. Here (a,b,c)=(0,0,0)

(emn):( 1 2 3 j
b ] \/ﬁ’\/ﬁ’\/ﬁ
3
Let (x,,v,,z,)=(0,0,1), then r =——
(xp,y1.21) =( ) N
Image is (E—O,E—O,ﬁ—ljz(—,g,gj
14 14 14 777

Similarly take two more points and complete.

Any point on given line is A(5r—6,3r—10,8r—14). Let the given point be P(7,2,4). The direction

ratios of AP are 5r—13,3r—12,8r—18. Angle between AP and given line is
5(5r—13)+3(3r—12)+8(8r—18

o S(56-13)+3(3r12)+8(8e-13

V5% +32 +82.\/(5r—13)2 +(3r-12)" +(8r-18)
Solve the quadratic in r to set two values for r and hence two lines.
x—=7 _ y—2: z—4 and x—=7 _ y—2: z—4

3 6 2 2 -8 6




22.

The plane x +X + z_ 1 meets the axes at A, B, C. Prove that the planes through the axes and the internal

a b c¢
y z

= = . Also find the
a\/b2 +c? b\/c2 +a’ C\/3.2 +b?

bisectors of the angles A, B, C pass through the line

incentre of AABC.

2, 2
Let CF be the internal bisector of angle ACB then BE_BC_Nb +e

AF AC [,

a\/b2 +¢? byc? +a?

- Fis , ;0
\/b2+c2 +\/02+a2 \/b2+c:2+\/c2+a2 050,
Any plane through z-axis (ie.,x =0,y =0) is x—ky =0 Y
[2 2
If it passes through F,k = b te
bvc? +a’
.. Equation to plane OCF (the plane through z-axis and bisecting ZC) is = Y
a\/b2 +c? b\/c2 +a’
. y z z X
Similarly other two planes are = and =
b\/cz+a2 C\/a2+b2 C\/a2+b2 a\/b2+c2
. y z
They clearly pass through the line = =
a\/b2 +c? b\/c2 +a’ C\/3.2 +b?
Incentre of the AABC is the point where this line meets the plane X +% +Z=1. Any point on the line is
a c
1

(ar\/bz+cz,br\/02+a2,cr\/a2+b2). If it lies in the plane £+X+£:1, r=

a boc z\/b2+c2

avb?+c?  bvct+a®  cvai+b?
Z\/b2+c2 ’Z\/b2+cz ’Z\/b2+cz

.. In-centre is

a”! b ¢!
Similarly, orthocenteris | ——————,———————.—F———5
a“+b"+c” a“+b +c " a“+b “+c



